Thermoconvective instabilities in a bilayer liquid-gas system with a deformed interface are investigated. In the first part of the work which is devoted to a linear approach, emphasis is put on the role of the upper gas layer on the instability phenomenon. The condition to be satisfied by the gas to remain purely conductive is established. The so-called Oberbeck-Boussinesq approximation is discussed and its range of validity is carefully defined. Instead of the classical Rayleigh, Marangoni, crispation, and Galileo numbers, new dimensionless groups are introduced. A critical comparison with several previous works is made. The nonlinear analysis consists in studying the different convective patterns which can appear above the threshold. Particular attention is devoted to the shape of the interface and the so-called ''hybrid'' relief. The amplitude of the deformation is also determined and comparison with experimental data is discussed.
I. INTRODUCTION
Thermoconvective instabilities have been an important problem of fluid mechanics for many years. This general problem is well known and it is not necessary to present it in detail.
1 Let us just recall that two different mechanisms are usually recognized as responsible for the appearance of motion in a fluid layer which is sufficiently heated from below. These mechanisms are gravity ͑Rayleigh-Bénard convection͒ and thermocapillarity ͑Bénard-Marangoni convection͒. When both mechanisms are active, the problem is usually referred to as the Rayleigh-Bénard-Marangoni instability. Thermocapillary effects are only present when the fluid has a free upper surface and is therefore in contact with an air layer. Under these circumstances, motion in the liquid can induce deformations of the liquid-gas interface.
Our analysis of surface deformations in the RayleighBénard-Marangoni instability is concerned with a linear and a nonlinear approach. In a first ͑linear͒ part, we carefully study the role of the air layer on the occurrence of thermoconvective instabilities in a two-layer system ͑see also Refs. 2 and 3͒. In the past, this problem has quite often been considered as a one-layer system wherein the air plays only a passive role. In the present work, we determine precisely under which conditions the air layer can actually be regarded as a ''passive gas'' and we derive in that case the corresponding boundary conditions at the top surface of the liquid. We show that the motion inside the gas phase can be disregarded provided its thickness is ''smaller'' than the thickness of the liquid layer. The gas can then be modeled as a purely conductive medium and a boundary condition for the temperature field in the liquid is derived in a rigorous way.
Another important issue is to examine the influence of surface deformations on the instability threshold. The problem has already been analyzed in several papers in the past. [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] However, some of these works are not really quite general since the analysis is often restricted to particular fluids with well-defined thermophysical properties. Moreover, some of the reported results are not realistic from an experimental point of view or even are not consistent with the mathematical model used. These inconsistencies are related to the use of the Oberbeck-Boussinesq approximation, which is, for this reason, discussed in some detail. To delimit the domain of validity of the Boussinesq approximation, we introduce a new, somewhat unusual, nondimensional group which enables an easy checking of the consistency of the analysis. Moreover, other new dimensionless groups are also introduced in order to obtain results which are general and not valid only for some specific fluids.
In the nonlinear approach of the problem, we first examine the different possible convective patterns which can be observed above the linear threshold and compare our results with those for a flat interface 15 and also with some experimental results by Eckert et al. 16 We also study the shape of the deformed interface in the nonlinear regime. We propose a theoretical description of the so-called ''hybrid'' relief ͑con-cave deformation within the convex relief͒ and determine the amplitude of the surface deflections. Eventually, our results are shown to be in satisfactory agreement with the experimental data reported by Cerisier et al. introduced. The Oberbeck-Boussinesq approximation is discussed and a new nondimensional number is introduced to check the consistency of the model. In Sec. III, the thermomechanical coupling between the liquid and the gas layers is studied and the range of validity of the ''conductive gas'' hypothesis is established. To examine the influence of deformations on the instability threshold new nondimensonal groups are introduced and the general linear results are presented. Section IV is devoted to the nonlinear analysis of the system. In particular, we study the competition between the different convective patterns and determine the conditions to observe square cells, rolls, or hexagonal structures. The relief of the upper surface of the liquid is also studied and the height of the deformations is determined. Comparison with experimental data is discussed. Final comments and general conclusions are drawn in Sec. V.
II. MATHEMATICAL MODEL
The general equations and boundary conditions for thermoconvective instabilities in two superposed immiscible fluids are well known 18 and will not be recalled here. Only some comments on the general hypotheses underlying the model will be formulated and the notation will be defined.
The two-fluid system consists of two horizontally infinite immiscible layers of liquid and gas which are enclosed between two solid and perfectly heat conducting boundaries. The thicknesses of these layers are, respectively, d and d gas ϭd d r (d r is the ratio of the thicknesses of the gas and the liquid layers͒. The system is heated from below. The analysis is carried out in the frame of the well-known ''simplified Oberbeck-Boussinesq model, '' 19 which enables one to deduce equations for the perturbations with respect to the conductive solution ͑for simplicity, these equations are sometimes referred to as the ''Boussinesq equations''͒. Moreover, the surface deformations are assumed to remain small so that all equations and boundary conditions are limited to firstorder erms in the surface deflection.
In this work, we use Cartesian coordinates with origin located on the nondeformed liquid-gas interface and the z axis pointing in the opposite direction of gravity. The equations are written in nondimensional form with distances scaled by d. The bottom of liquid layer is located at z ϭϪ1 while the top of the gas phase is at zϭd r . The nondimensional deflection of the liquid-gas interface will be denoted . The time scale is given by d 2 /, with the heat diffusivity of the liquid. The temperature scale is chosen as ␤d, with ␤ the vertical temperature gradient within the liquid layer in a purely conductive state, and the velocity is scaled by /d. The symbols uϭ(u,v,w), p, and T represent the nondimensional velocity, pressure, and temperature perturbed fields in the lower liquid while the same symbols with index gas represent the corresponding quantities in the upper gas; ␣ r is the ratio of the coefficients of thermal expansion of the gas and the liquid; r , r , and k r , are similarly defined as the ratios of dynamic viscosities, heat diffusivities, and heat conductivities, respectively; r is the ratio of the densities of the gas and the liquid when these densities are considered at a common reference temperature, which is chosen as T 0 , the temperature of the gas-liquid interface in a purely conductive state. where and ␣ are the liquid kinematic viscosity and coefficient of thermal expansion.
Although the simplified Boussinesq model is widely used in the literature on thermoconvective instabilities, it is worth recalling briefly its range of validity. Indeed, some published results based on this model are incompatible with the basic assumptions of the model itself ͑see Sec. III B 1͒. For the Boussinesq equations to be valid, it is required that the temperature differences within the system remain small. When ⌬T becomes too large, non-Boussinesquian effects can appear. These effects have been studied elsewhere 20, 21 and will not be considered here.
In order to quantify the ''smallness'' of the temperature differences within the system we introduce the following nondimensional number, which is assumed to remain smaller than 1:
͑2.3͒
This nondimensional quantity is proportional to the temperature drop across the liquid layer and is related to the gravitational instability mechanism through the coefficient of thermal expansion ␣. In the following, this parameter will be considered as the main control parameter describing the external forcing on the system. If condition ͑2.3͒ is satisfied, the Boussinesq model may be considered as valid in the fluid ͑see, e.g., Ref. 18, p. 5͒. Similarly, the same model is applicable to describe the gas phase provided ␦ gas ϭ␣ gas ␤ gas d gas Ӷ1. For d r of order 1, it is seen from Table I that the ratio ␦ gas /␦ ϭ(␣ r /k r ) d r is larger than 1 for all liquid-air systems. Nevertheless, for all liquids but water and glycerin, this quantity keeps a reasonable value when d r is ͑much͒ smaller than 1. We will therefore also use the Boussinesq equations in the gas, even if the approximation is less satisfactory than in the liquid.
The boundary conditions for our problem are the following. It is assumed that the temperature is fixed and that the velocity vanishes at the bottom of the liquid and at the top of the gas. The deflection of the interface obeys the usual kinematic condition. The temperature, heat flux, and velocity fields are continuous across the interface while the mechanical stresses are supposed to be in equilibrium at the interface. The complete mathematical expressions of these boundary conditions can be found for instance in Ref. 18 and depend on the Galileo, crispation, and Marangoni dimensionless numbers G, Cr, and Ma, defined as
The subscript zero indicates that the corresponding quantity is taken at temperature T 0 . The quantity ␥ which appears in the definition of the Marangoni number is introduced by approximating the variations of the surface tension at the liquid-gas interface by a linear function of T,
where ␥ is positive for most liquids and can be considered as a constant. This linear law can be considered as valid if the temperature variations inside the system remain small. This condition can be made explicit by introducing the following nondimensional group:
In parallel with ␦ defined in ͑2.3͒, ␦ is proportional to the temperature drop across the liquid layer but this new number is related to the thermocapillary instability mechanism. The ratio of these two numbers is denoted
and is more or less constant and of order 1 for many liquids, as shown in Table II . In the following we will consider ␦ as the instability control parameter, while A will be kept fixed to a typical value of the order of one. The normal stress condition at the interface deserves special attention. This condition is given by ͑ pϪ p gas ͒ϪGϩCr
Ϫ1
Kϭn"͑Ϫ r gas ͒"n, ͑2.10͒
where K is the curvature of the interface while n is the normal unit vector. The quantity is given by ϭ("u ϩ("u) T ), with a similar expression for gas . It is worth recalling that this relation is not valid in general but only when ␦ and ␦ remain small 18 ͑otherwise, other terms are present͒.
To summarize, let us recall briefly the context of our analysis. First of all, it is assumed that the temperature differences remain small across the system (␦ Ӷ1), which ensures that the Boussinesq hypotheses are met. The smallness of ␦ also justifies the linear dependence of surface tension with respect to T as well as the simplified form ͑2.10͒ of the normal stress condition. Also keep in mind that throughout the analysis, surface deflections are assumed to remain small.
III. LINEAR STABILITY ANALYSIS
The linear stability analysis is carried out by using a normal modes method. 22 The wave number and the growth rate of the perturbations are denoted k and s, respectively. The stability equations are reduced in a standard way to a system of ordinary differential equations in z for the vertical velocity amplitude W(z), the temperature amplitude ⌰(z), and vertical vorticity amplitude ⍀(z). The equation for the vertical vorticity is uncoupled from these for W(z) and ⌰(z) and an analytical solution 22, 23 shows that the vorticity perturbations are unconditionally stable.
The eigenvalue problem for the vertical velocity and the temperature must be solved numerically. In the present work, a spectral Chebyshev-Tau method is used to discretize the equations. As a first general result, let us mention that the threshold is never oscillatory. Therefore only stationary convection will be investigated, with either a zero or a nonvanishing wave number. A. Influence of the convection in the gas layer on the instability and reduction to a one-layer problem
In this section, we examine how far convection in the gas influences the instability mechanism. We show that in most experimental situations the gas can be regarded as mechanically passive, which means that the motion in the gas can be neglected. Our problem is thus different from that considered by Rasenat et al.,
2 where a bilayer system with both layers close to instability was investigated. More precisely it will be proved that, for both the finite and infinite wavelength instabilities, the two layers can be considered as mechanically uncoupled due to the smallness of r , the ratio of the dynamic viscosities of the gas and of the liquid, but in contrast the two layers remain thermally coupled.
First, let us study the coupling between the two layers for the finite wavelength instability, and consider the particular case of an air-silicone DC200 bilayer system. 24 The thermophysical properties of these two fluids are given in Table III . The thickness of the oil layer is fixed to dϭ2 mm and the thickness of the gas layer is allowed to vary. The critical Rayleigh number and the corresponding critical Rayleigh number in the gas, defined as Ra gas ϭ 0gas ␣ gas ␤ gas d gas 4 /( gas gas ), are represented in Fig. 1 as functions of the nondimensional thickness of the gas d r . The values of ␦ in the liquid, ␦ in the gas, and ␦ can be deduced from the values of the Rayleigh numbers and shown to remain small. As explained previously, the smallness of these ␦'s confirms the consistency of the model. Fig. 1 is the existence of a critical relative thickness d r crit below which the critical Rayleigh number ͑in the liquid͒ is more or less constant and above which the critical Rayleigh number in the gas is also nearly constant. This sudden change in the behavior of the system when d r is varied indicates a drastic change in the physical mechanism giving rise to the instability.
A noticeable result in
For d r larger than the threshold value d r crit , the Rayleigh number in the gas is close to 1708, which is the well-known value for a one-layer system with two rigid and perfectly heat conducting boundaries; 25, 26 in Fig. 1 , this value of the Rayleigh number is represented by a horizontal line with small dashes. A detailed analysis of the slopes of the curves in Fig. 1 also shows that, for d r Ͼd r crit , the critical Rayleigh number ͑in the liquid͒ decreases as d r Ϫ4 , which is expected since Ra gas ϭRa r ␣ r d r 4 /( r r k r ) with Ra gas more or less constant. This behavior means that for a large d r , the upper phase behaves more or less as if the liquid was a perfectly heat conducting solid wall: The liquid does not play any active role in the instability, which thus takes place in the gas only. This result is easily understood because the heat conductivity of the liquid is much larger ͑about 10 times͒ than that of the gas and also because the viscosity of the liquid is much larger than that of the gas ( r ϭ10 Ϫ4 ). Note also that the Marangoni condition at the bottom of the gas layer does not influence the instability because the liquid behaves as a good heat conductor and therefore dampens the horizontal variations of temperature. For such large values of d r , the instability in the gas is thus completely, i.e., mechanically and thermally, uncoupled from the lower liquid layer.
In contrast, when d r is smaller than d r crit , the instability mechanism takes place mainly in the liquid phase. This situation is the most interesting one for us since we are mainly interested in instability phenomena within the liquid. In this case, the critical Rayleigh number is close to the value derived from Nield's formula 26 Ra c
with the parameter ⌫ defined as the ratio of the Rayleigh and Marangoni numbers:
This critical Rayleigh number refers to a one-layer system with an upper adiabatic free surface and a perfectly heat conducting rigid bottom wall. In our problem, this Rayleigh number is equal to 53.3 and is plotted in Fig. 1 with long dashes. It should be observed that the critical Rayleigh number ͑in the liquid͒, although close to Nield's result, is not exactly equal to the latter. Moreover, Ra c varies slightly with d r . This means that the interface cannot be considered as an actual free adiabatic boundary and that the gas is not completely passive.
Note that the above-mentioned study was performed for the particular case of an air-silicone oil system, with a fixed oil depth. We have checked that the same conclusion remains true for other classes of fluids ͑see also Ref. 3͒, and that the critical value d r crit is still found to correspond to a Rayleigh number in the gas equal to 1708. For many gasliquid ͑Table II͒ systems it is easy to check that d r crit is of the order of unity. Since we are concerned with the study of instabilities within the liquid, we will always take in the following an air depth smaller than that of the liquid.
When the instability mechanism takes place mainly in the liquid phase, we have seen that the thickness of the gas layer may nevertheless slightly influence the appearance of convection in the liquid. We prove now that only thermal transport in the gas phase is important and that the motion of the upper layer can systematically be neglected.
First, we note that the rather small value of r prevents any mechanical influence of the gas on the liquid. Moreover, the motion of the gas does not modify greatly the temperature profile within the gas phase. Consider indeed the ͑ther-mal͒ Péclet number Pe, which is a measure of the ratio of the time scales for thermal diffusion and thermal convection. In the gas, the Péclet number is given by U gas d gas / gas , where U gas is a representative velocity scale in the gas. Since velocity is continuous across the liquid-gas interface, U gas is of the same order as the representative velocity scale in the liquid, which we chose as /d, the velocity of thermal perturbations in a diffusive state. An estimation of the Péclet number in the gas is thus Pe gas ϭd r / r . Since g is of order 10 2 for many liquid-gas systems, the Péclet number in the gas remains rather small if d r is of order 1. As a consequence, the linear temperature profile in the gas will only undergo minute modifications due to the gas motion, which can therefore be disregarded in the analysis of the instability of the liquid.
A quantitative analysis of the influence of the motion of the gas is summarized in Fig. 2 . In this picture, the critical value of ␦ for the air-silicone oil system is represented for both the complete bilayer analysis and for the simplified approach with the motion of the gas neglected. It is clear that the motion inside the upper layer can safely be neglected for d r Ͻ1. It can also be concluded that the weak dependence of Ra c with respect to d r in Fig. 1 originates only from thermal effects in the gas layer.
Consider now the zero wave-number instability. 27 An analytical asymptotic analysis of the stability problem can be carried out in this case. 28 The result for the air-silicone oil system is represented in Fig. 2 , which clearly shows that the threshold is practically not changed by disregarding the motion in the gas phase, provided d r is not very small.
Provided d r is neither too small nor larger than about 1, the motion in the gas phase can thus be neglected in the study of the instabilities in the lower liquid and the ''conductive gas'' hypothesis is valid. The exact solution for heat conduction in the upper layer can be used to derive the thermal boundary condition at the gas-liquid interface. This procedure was already followed in Refs. 29 and 30 for a flat interface and results in a ''Biot condition'' for the temperature field in the liquid. For a deformable interface, this equation is written as
with a Biot number given by Bi r (k)ϭk r k/tanh kd r . All the results given in the following are based on this reduction of the system to a single-layer system for which the sole thermal influence of the gas on the liquid instability is taken into account by introducing the Biot boundary condition ͑3.2͒. It is also worth stressing that this conductive gas hypothesis is usually taken for granted, both in experimental ͑Refs. 24 and 31͒ and theoretical ͑Refs. 4, 7, 11-13, 26, 32-36, and 30͒ works. To our knowledge, however, the present paper provides the first complete justification and limitations of this important assumption.
B. Influence of the interface deformation
An exhaustive study of thermoconvective instabilities in a liquid layer with a deformable upper surface is not a straightforward task owing to the rather large number of parameters. When the motion of the gas is neglected, the problem still depends on seven independent quantities which are often chosen as Pr, Ra, Ma, Cr, G, d r , and k r . As our analysis has shown that the instability is never oscillatory, the Prandtl number can be dropped and six parameters are left. Besides the thermophysical properties of the fluids, these six quantities depend on the temperature drop between the bottom and the top of the system, which is the main experimental control parameter, and also on the thicknesses of the gas and liquid layers, which can also easily be varied in experiments.
To analyze a problem depending on so ''many'' parameters, two different ways are open. The simplest one consists in selecting two particular fluids. All the thermophysical properties are then fixed and the only variable parameters are the thicknesses of the two layers. The drawback of such a methodology is the lack of generality. In the second approach, which is followed in the present paper, the results are expressed as functions of one single among the six parameters, the others being kept fixed. It is important to realize, however, that this kind of approach can lead to dramatic inconsistencies when the fixed and variable parameters are not selected with care, as shown in the following.
Comments on previous works
The influence of deformations of the upper surface on thermoconvective instabilities has been studied by several authors. [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] Some of these works are now briefly commented on. The first analysis was carried out in 1964 by Scriven and Sterling. 4 They showed that, for the pure thermocapillary problem, convection sets in with a zero wave number and a zero value of the Marangoni number. Their results were revisisted in 1966 by Smith, 5 who was able to obtain a nonzero value of the critical Marangoni number by including gravity waves at the free surface. The coupled thermogravitational and thermocapillary instability was studied by Zeren and Reynolds 6 in the particular case of a water-benzene system. The one-layer thermocapillary instability was investigated by Takashima in 1981. 7, 8 Among other results, this author showed that oscillatory convection was possible for negative values of the Marangoni number, which corresponds either to a fluid layer heated from above, or to a fluid heated from below but whose surface tension increases with temperature. Unfortunately, some of Takashima's results are not consistent with Boussinesq's assumption which was used to derive the model equations. Indeed, although the condition ␦ Ͻ1 is satisfied as far as stationary instabilities are concerned, this relation is clearly violated in the analysis of oscillatory convection for Bond numbers smaller than 10 Ϫ1 (BoϭG Cr). Moreover, it is important to stress that the selection between the variable and fixed parameters can lead to misinterpretations of the results. In Takashima's papers, the fluid layers have a thickness varying between 0.1 and 1 mm and the results are given for fixed values of Bo, Cr, and Pr, between which the following relation holds: Cr Bo Ϫ1 Pr
Since is more or less constant for most liquids, the above-mentioned result imposes strong restrictions on the values of the thickness and the nondimensional numbers. It is easy to check that some of Takashima's results with fixed Bo, Cr, and Pr correspond to values of d which are outside the range initially proposed. For this reason, the possibility for two simultaneously unstable oscillatory convective modes with different wave numbers and frequencies is not realistic. Similar comments can be repeated about the works by Gouesbet et al. 12 and by Pérez and Carneiro. 13 These authors complement the analyses of Takashima by taking the gravity instability mechanism into account. However, most of their results do not satisfy condition ͑2.3͒, which is a necessary condition for the Boussinesq equations as well as the simplified boundary condition ͑2.10͒ to be valid. In addition, in Ref. 11 which is quite similar to ours as they also introduce nonconventional dimensionless numbers. However, unlike our paper, their analysis is restricted to pure thermocapillary convection.
New nondimensional groups
A way out to avoid the difficulties and problems raised previously is to introduce new dimensionless numbers. The reasons for introducing these new nondimensional groups are twofold: first to make them more directly accessible to experiments and second, to allow an easier checking of the consistency of the mathematical model.
We first recall that the properties of the ''purely conductive gas'' are completely specified by the knowledge of the two-dimensional quantities d gas and k gas . For the lower liquid layer, we have already mentioned that the temperature drop across the system and the thickness of the layer are the only quantities which can be varied independently, easily, and continuously in experiments. Unfortunately, these dimensional quantities appear in the definition of several ''classical'' nondimensional numbers ͑to be explicit, they are present in Ra, Ma, Cr, and G͒, which makes the analysis of the influence of each of these parameters rather cumbersome. Therefore, it should be preferable to combine the ''classical'' nondimensional numbers so that both the thickness d of the liquid layer and the temperature difference ⌬T across the liquid appear in one single well-defined dimensionless number.
As a nondimensional version for d we select ⌫ ϭRa/Ma defined by ͑3.1͒ and already introduced in several other works ͑e.g., Refs. 6 and 13͒.
For the temperature drop across the liquid, we suggest taking ␦ , given in ͑2.3͒, as a new nondimensional group.
This choice is dictated by the fact that condition ͑2.3͒ allows one to directly check the consistency of the analysis with the Boussinesq approximation. The last two nondimensional numbers are the parameter A defined in ͑2.9͒ and the parameter N given by
͑3.3͒
These quantities are introduced because A is the sole nondimensional parameter which contains the surface tension 0 while the kinematic viscosity appears only in N. Moreover, the value of parameter A remains about constant for a wide variety of fluids and can therefore be assigned a fixed value without loss of generality. The influence of viscosity on the stability problem is thoroughly described by the parameter N. Since the viscosity of silicone oils can be changed more or less continuously by mixing oils of different viscosities, while the other thermophysical properties remain unvaried, this parameter N is very useful for compari-son with experiments. Moreover, it follows from Table IV that the ratio N/ keeps a more or less constant order of magnitude for many fluids, which reinforces the selection of N as a relevant nondimensional expression of viscosity.
To summarize, we propose using the following set of dimensionless numbers, namely ⌫ ͑thickness͒, ␦ ͑tempera-ture drop͒, A ͑surface tension͒, and N ͑viscosity͒. In terms of these new quantities, the ''classical,'' Rayleigh, Marangoni, crispation, and Galileo nondimensional numbers are written as
Linear results
Previous analyses have clearly shown that convection may set in under three different forms. First, the instability can be stationary, with a nonzero wave number. This kind of instability is similar to what is observed in a one-layer system with a flat upper free surface. When the interface between both fluids is deformed, instabilities can also appear either as a steady convection with a zero horizontal wave number or as an oscillatory motion.
The results presented here are restricted to experimental situations in which the upper gas may be considered as mechanically passive. As explained before, this is achieved by assuming d r smaller than about one. In the following we take d r ϭ0.5. When the upper gas is air, we are allowed to take k r ϭ0.1, which is a typical value for many liquid-air cells as seen from Table I . Similarly, the parameter A is taken equal to 5, which is a reasonable value for many usual fluids. The final results will thus depend on the thickness of the layer and on the viscosity of the liquid through parameters ⌫ and N, respectively.
A first general conclusion of our analysis is the steady character of the linear threshold in air-liquid systems heated from below. Oscillatory convection cannot be observed under realistic experimental conditions for which the Boussinesq equations are valid (␦ c Ӷ1). For this reason the value of the Prandtl number will not influence the linear results.
The main results of our study are summarized in Fig. 3 Fig. 3 . First, the instability threshold for the surface zero-wave number mode, which is represented with a thick line, is independent of N. Indeed, this surface instability mode is independent of the viscosity of the liquid, since it is characterized by a vanishing velocity field. On the other hand, the thin lines in Fig. 3 correspond to the cellular mode of convection. The increase of the critical temperature difference with N clearly illustrates the stabilizing role of viscosity.
The dependence of ␦ c with respect to ⌫ deserves some attention too. First, a careful observation of the slope of the thick line in Fig. 3 shows that the critical temperature difference for the surface instability is nearly proportional to ⌫, i.e., proportional to d 2 . For the cellular instability, the slope of the curve is more or less equal to Ϫ1/2 for small values of ⌫. When ⌫ is increased, the slope progressively decreases to reach Ϫ3/2. From these values of the slope and from Eq. ͑3.4͒, it can be inferred that thermocapillarity is clearly the dominant instability motor for small values of d while the Rayleigh buoyancy mechanism is the cause of convection in thick layers. For intermediate values of d, both mechanisms cooperate. Note also that for low viscosities, the instability is always thermocapillary driven since the slope of the curve remains equal to about Ϫ1/2. Similarly, the ⌫ range for pure thermocapillary convection becomes very small for highly viscous liquids. The above-mentioned analysis is important because it enables one to determine the proper experimental conditions under which the surface instability with a zero wave number should be observed. Quite thin layers of very viscous fluid will favor this kind of instability. For instance, in silicone oil with viscosity 10 Ϫ4 m 2 /s ͑1 St͒, the zero-wave number instability appears for a depth smaller than about 0.3 mm. In a 10 Ϫ3 m 2 /s ͑10 St͒ viscous oil, the critical thickness is about 1 mm.
Similarly, one can also determine the most appropriate experimental conditions to observe ''pure'' Marangoni instability on earth. Low viscous liquids with small depths should be preferred but d must be large enough to avoid the occurence of surface instability with a zero wave number. Under such circumstances, the critical temperature difference may, however, drop drastically ͑up to 10 Ϫ1°C ͒ and is therefore delicate to control in experiments.
It is also possible to determine the importance of surface deformation on the finite wavelength instability by calculating the relative variation E of the instability threshold with respect to the value corresponding to a flat surface:
.
͑3.5͒
We have reported E in Fig. 4 as a function of ⌫, for various values of N. It is seen that there exists a critical value ⌫ 0 , independent of N, below which surface deformation destabilizes the system ͑e.g., ⌫ 0 ϭ1.56 when d r ϭ0.5, k r ϭ0.1, and Aϭ5). If ⌫ is larger than this critical value, deformations are stabilizing, in agreement with Ref. 37 . A detailed study of the eigenfunctions shows that this critical value of ⌫ corresponds to a change of sign of the curvature of the interface. 4 When ⌫ is larger than ⌫ 0 , it is shown that the fluid is rising under the bumps of the upper surface. This configuration is characteristic of gravity-driven convection; in contrast, capillary thermoconvection is associated with small values of ⌫ and with upwards motion under the troughs. Figure 4 also indicates that the interface can reasonably be considered as nondeformed for low viscous fluids (N smaller than 10 Ϫ5 -10 Ϫ6 ). For more viscous liquids, deformation of the interface can modify the value of the convective threshold by several percent, especially in thin layers ͑small ⌫), i.e., in the case of capillary convection. For gravity-driven convection ͑liquid depth of the order of 1 cm͒, the influence of surface deformation remains always minute, whatever the value of the viscosity of the liquid.
IV. NONLINEAR ANALYSIS OF CELLULAR CONVECTION
A linear stability analysis enables one to determine the critical wave number and the critical value of the control parameter above which convection sets in. In a nonlinear approach, the behavior of the system above the linear threshold is investigated. In order to clearly define the purpose of our work, it is interesting to refer to the classification introduced by Cross and Hohenberg 38 of the different types of linear instability of a spatially uniform state. The type I instability is characterized by a nonzero wave number at the threshold and can be either stationary or oscillatory. In type II and type III instabilities, the critical wave number is zero at the threshold and the instability can also be stationary or oscillatory. In the nonlinear regime, the type II instability is characterized by the property that the zero wave number mode always keeps a vanishing growth rate while this quantity becomes positive for type III. In our problem, the instability can be either of type I s or II s ͑index s means ''stationary''͒ depending on the values of the different parameters.
Several nonlinear analyses of thermoconvective instabilities with a deformable upper surface have already been published in the past. A pioneering work is that by Kraska and Sani 39 where rolls and hexagonal cells have been studied. However, their approach was critized by Rosenblat et al. 40 47 . In the present work, we concentrate on the study of the I s cellular intability, characterized by a nonzero wave number. Both the thermocapillary and thermogravific mechanisms are taken into account and the upper gas layer is considered as purely conductive. Our approach can be seen as a correction and an extension of the work by Kraska and Sani, since besides the rolls and hexagonal cells, the square convective cells are also introduced in the analysis. The method used to derive the Ginzburg-Landau amplitude equations for rolls, square, and hexagonal convective patterns is completely similar to that presented in Ref. 15 . These amplitude equations are written as
In these equations, A i are the complex amplitudes of the six elementary convective modes whose superpositions allow one to generate roll-like, square, and hexagonal patterns 15 while ,a,b,c,d, and e are numbers whose values depend on the parameters of the problem.
Before going into the discussion of the results, let us mention that two new nondimensional quantities will be introduced in this section with respect to the linear analysis because the unsteady behavior of the system is now taken into account. One of these quantities is the ratio r of the thermal diffusivities of the gas and of the liquid. It follows from Table I that r is of the order of 10 2 in most cases. Therefore, it will be kept fixed to that value in the following. The second relevant dimensionless number is
͑4.1͒
In contrast to the classical Prandtl number, F does not depend on the viscosity. Thanks to this choice, the viscosity variations are taken into account by the sole parameter N. Table IV shows that F ranges from 10 6 to 10 8 . In the analysis of the results to follow, this quantity will be fixed to the typical value 10 7 . Like in the linear analysis, A and k r are fixed to 5 and 0.1, respectively.
A. Stability domains of the different convective planforms
As a first example, take the ratio d r of the thicknesses of the air and of the liquid equal to 0.25 and the viscosity parameter N equal to 10 Ϫ3 ͑so that PrϭF Nϭ10 4 ). In Figs. 5 and 6, we have represented the stable convective patterns as functions of the relative distance to the threshold ⑀ and of the thickness parameter ⌫. The meaning of the different symbols is the following: Cϭconductive state, H ϩ ϭupflow hexagonal cells, Rϭrolls, Sϭsquare cells. Dashed lines correspond to a flat interface while solid lines refer to a deformable gas-liquid surface. From Fig. 6 , it is inferred that the bifurcation at the linear threshold is subcritical to upflow hexagons. For higher values of ⑀, transitions to rolls or square cells are observed, with the important property that, for a given value of ⌫, either rolls or squares are possible, but not both. Accordingly, two ''critical'' values of the thickness parameter, ⌫ Ϫ and ⌫ ϩ , can be introduced which define an interval on the horizontal axis in which the transition to squares is observed. Another important conclusion from Figs. 5 and 6 is that deformations are relevant only for small values of ⌫. For these values of the thickness parameter, the size of the stability region for hexagonal cells is reduced ͑for both the supercritical and subcritical regime͒ with respect to the flat surface case. Note also that the full lines end at a value of ⌫ below which the threshold is charaterized by a zero wave number.
When different values for d r and N are selected, the following conclusions can be drawn. First, for values of the viscosity parameter N smaller than 10 Ϫ5 (PrϽ10 2 ), the surface deflection can be neglected; the corresponding results were given in Ref. 15 and will not be commented on further. For higher values of N, which are the only values considered in the following, our analysis has shown that the primary bifurcation is still subcritical to upflow hexagonal cells ͑when the zero wave-number mode is stable͒. However, the stability domain for hexagons is reduced with respect to the flat interface problem, by a factor which increases up to 2 when the viscosity parameter is increased to the value N ϭ10 Ϫ3 . A summary of the conditions giving rise to a secondary transition to square or to roll-like cells is also presented in Fig. 7 , with dashed and full thin lines for flat and deformable interface, respectively. The full thick lines correspond to the zero wave-number instability. Consider first the nondeformable interface. From Fig. 7 , it is seen that for fixed d r and N, a critical ⌫ ϩ exists above which only rolls appear. In contrast with the above-studied case ͑Figs. 5 and 6͒, no critical ⌫ Ϫ exists so that the ⌫ domain for which a transition to squares exists stretches from 0 to ⌫ ϩ . We can also note that the critical ⌫ ϩ is almost unchanged when N is increased from 10 Ϫ5 and that it is almost always a decreasing function of d r . When deformations are taken into account, the situation is quite different. Indeed, when the viscosity parameter is increased from 10 Ϫ5 , the stability domain for square cells is reduced because of the appearance of the zero wave number instability and also because the curve showing the boarder between R and S bends to give birth to a ⌫ ϩ and a ⌫ Ϫ critical value. In particular, it is worth mentioning that secondary transitions to roll-like cells in thin layers can only occur in the case of a deformed interface. Before closing this section, let us mention that some interesting experimental results have been published recently by Eckert et al. 16 In particular, these authors found that a secondary instability, from hexagonal cells to square cells, occurs at ⑀ϭ4.2Ϯ0.3 for Prϭ100 while our model predicts a transition for ⑀ϭ4.05. This surprising quantitative agreement with experiments shows that amplitude equations, which are theoretically valid in the weakly nonlinear regime only, can sometimes provide good approximations even far from the threshold.
B. Interface relief
A further interest of a nonlinear analysis is the possibility to study in detail the shape of the interface and to determine the amplitude of the surface deflections in order to compare the theoretical predictions with the experimental results available in the work by Cerisier et al.. 17 When ⌫ is different from the threshold value ⌫ 0 introduced in Sec. III B 3, a linear stability analysis provides some partial information on the shape of the interface but the amplitude of the deformation cannot be determined. When ⌫ is close to ⌫ 0 , the linear surface deformation vanishes and only a nonlinear analysis enables one to predict both the form of the interface and the amplitude of the deformations. To compare with the experimental results of Cerisier et al., 17 we restrict our analysis to H ϩ solutions. In Fig. 8 thicknesses ͑thermocapillary effect͒. When ⌫ is close to the critical value, the surface is no longer flat as predicted by the linear theory because the nonlinear harmonics of the fundamental hexagonal pattern, which are characterized by a nonvanishing surface deformation, have a nonzero amplitude. A general view of the form of the interface in this case ͑''hybrid'' case͒ is represented in Fig. 9 which is very similar to the experimental observation of Cerisier et al. ͑see 
V. CONCLUSION
A linear and nonlinear analysis of Rayleigh-Bénard-Marangoni instability with surface deformations is presented in this paper.
The linear approach is carried out in two steps. First, the role of the upper gas layer in Rayleigh-Bénard-Marangoni instability is examined in detail and the frequently used assumption of a purely conductive gas is proved to be valid when the thickness of the gas layer is smaller than that of the liquid.
The second step of the linear part of the work consists in studying the influence of surface deformations when the upper gas can be considered as purely conductive. The simplified Oberbeck-Boussinesq model is used and its validity is carefully analyzed. In particular, we show that consistency is achieved provided ␦ Ӷ1 ͓see Eq. ͑2.3͔͒.
The most important results from the linear study are the following. First, it is concluded that oscillatory convection is not possible under realistic experimental conditions with ␦ Ӷ1. Besides, it was shown that, among the relatively large number of parameters appearing in the problem, the viscosity, measured by the new nondimensional number N, is by far the most important. Indeed, the other nondimensional numbers characterizing the thermophysical properties of the fluids keep a more or less constant value for a large class of liquids generally used in experiments on thermoconvection. The general stability results are summarized in Fig. 3 wherein the convection thresholds are plotted as a function of the parameter ⌫ ͑the dimensionless measure of the liquid depth͒, for various values of the viscosity parameter N. The experimental conditions required to observe the surface zero wave-number instability can also be deduced from this picture, as well as the conditions under which gravity effects may be neglected in thermoconvective motions on earth.
We have also determined under which circumstances the interface can be considered as remaining flat. Figure 4 indicates that surface deformations can always be neglected in low viscous fluids. In contrast, these deformations become important in more viscous liquids, especially in thin layers where the thermocapillary instability is dominating.
As a side contribution, we have introduced four new dimensionless groups. The nondimensional form of temperature differences is represented by means of the abovementioned parameter ␦ . Recall once again the importance of this quantity in relation to the validity of the Boussinesq approximation. Parameter A is related to the surface tension while ⌫ is a measure of the thickness of the liquid layer as well as of the relative importance of gravity and thermocapillarity in the instability mechanism. Finally, the viscosity of the fluid is described by a fourth parameter N.
In the nonlinear part of the paper, the behavior of the fluid above the threshold is examined, with the assumption of a conductive upper gas. More precisely, the finite wavelength convection is studied and the competition between roll-like, square and hexagonal cells is investigated. An interesting conclusion of the analysis is that the ⑀ domain wherein hexagonal cells are stable is smaller in the presence of surface deformations. This effect is still accentuated when the viscosity is increased or when the thickness is decreased. Another important result is the transition to rolls or to square cells when the temperature gradient is increased. When the surface is flat, roll-like and square cells appear, respectively, in thick and thin layers, with a critical value ⌫ ϩ of the thickness parameter that defines the limit between both cases. In contrast, with a deformable interface and for rather viscous liquids, square convective cells are possible for values of ⌫ contained between two limits, ⌫ Ϫ and ⌫ ϩ . As a consequence, rolls can also be observed in sufficiently thin layers.
Our theoretical analysis was also compared with some experimental data by Cerisier et al. 17 on interface deformations. In particular, it was shown that the observed ''hybrid'' relief of the interface originates in the nonlinear influence of harmonics of the linearly unstable solution. We have also shown that the amplitude of the deformations calculated with our model is in satisfactory agreement with the experimental data. Eventually, the calculated value of ⑀ corresponding to the transition between hexagonal and square cells was shown to be in good agreement with the experimental value reported by Eckert et al. 
